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1. INTRODUCTION 
A design is a pair (X, 9) where X is a finite set ofpoints and g is a family 
of-not necessarily distinct-subsets Bi (called blocks) of X. 
A design (X, 28) is a balanced incomplete block design (BIBD) B[k, h; u] 
iff 
(i) 1 X ] = v (the cardinality of X is u), 
(ii) 1 Bi ) = k for every Bi E 3, 
(iii) every pairset {x, y} C X is contained in exactly h blocks of 9J. 
It is well-known (see, e.g., [3, p. 1011) that a necessary condition for the 
existence of a BIBD B[k, h; V] is 
h(v - 1) = 0 (mod(k - 1)) and hv(v - 1) = 0 (mod k(k - 1)). 
0) 
This condition is also sufficient for k = 3,4, 5 and every X, with the 
exception of the nonexisting B[5,2; 151 [4, 61. The number b of blocks in 
B[k, h; U] is 
b = hv(v - I)/(k(k - 1)). (2) 
A parallel class of blocks of a design (X, SLY) is a subfamily g1 C 99 of 
disjoint blocks which cover X with the exception of at most one point. 
A parallel class of blocks of a BIBD B[k, h; a] has exactly v/k blocks if 
v E 0 (mod k) and (v - 1)/k blocks if v E 1 (mod k). 
A BIBD B[k, A; v] is resolvable if its family S? of blocks can be 
partitioned into parallel classes. The number of parallel classes of blocks is, 
by (9, 
h(v - l)/(k - 1) for v = 0 (mod k), 
Xv/(k - 1) for v E 1 (mod k). 
(3) 
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A resolvable BIBD B[k, h; v] will be denoted by RB[k, h; v], Clearly, 
a necessary condition for the existence of a resolvable BIBD RB[k, X; U] 
is that (1) be satisfied, that v = 0 or 1 (mod k), and further, by (3), that 
hv = 0 (mod@ - 1)) if u s 1 (mod k). For h = 1, it follows that a 
necessary condition for the existence of RB[k, 1; v] is 
v = k (mod k(k - 1)). (4) 
The sufficiency of condition (4) for the existence of RB[k, 1; v] has been 
proved by Ray-Chaudhuri and Wilson [9] in the case k = 3, and by the 
above and the author [7] in the case k = 4. 
Similarly, a necessary condition for the existence of RB[k, 2; a] is 
v s 1 or k (mod k(k - 1)/2). (5) 
It will be proved in this paper that in the case of k = 3 this condition, 
namely, 
v = 0 or 1 (mod 3), (6) 
is also sufficient, with the exception of the nonexisting design RB[3,2; 61. 
Notation 
The following notations will be used throughout: 
I,--the set of integers (0, I ,..., u - I}, 
&-the cyclic groups of residua mod U, 
GF(u)-the Galois field of order U, 
a, (a, b), (a, b, c), (~)-points, 
{a, , a2 , a3>, {(aI , &I, (a2 , b2), (a3 , b3)l--blocksy 
{al , a2 , a,} mod u-the blocks {aI + (II, a2 + 01, a3 + a> a! E Z, or 
a E GF(u), 
[{...}, {...} ,..., (...}]-a parallel class of blocks, 
E = il. 
2. PAIRWISE BALANCE DESIGNS 
Let a and h be positive integers and K a finite set of positive integers. 
A design (X, g) is a pairwise balanced design B[K, A; v] iff 
0) I X I = 0, 
(ii) { 1 Bi 1: Bc E 9’> E K, 
(iii) every pairset {x, *v> C X is contained in exactly h blocks of 9. 
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The set of integers u for which pairwise balanced designs B[K, h; u] exist 
will be denoted by B(K, X). 
The following lemma is obvious and will be used throughout. 
LEMMA 1. Zf v E B(K’, 1) and K’ C B(K, 1) hold, then u E B(K, 1). 
A pairwise balanced design B[K, X; v] with K = {k} consisting of 
exactly one integer k > 2 is a balanced incomplete block design (BIBD) 
B[k, X; v] introduced in Section 1. The set of integers v for which 
BIBD B[k, X; v] exists will be denoted by B(k, X). 
In a design (X, &‘), let the family 9 of blocks be composed of two 
subfamilies g = 3 u B where 9 is a parallel class of blocks. The elements 
(blocks) of 9 will be called groups and the elements (blocks) of 9 proper 
blocks or, for short, blocks. A design (X, L8) with .?% = !L+? u 9 is a 
transversal design T[s, r] iff 
(i) / Gi 1 = r for every Gi E 9, 
(ii) I 9 I = s, 
(iii) I Gi n Bj / = 1 for every Gi E 9 and every Bj E 9, 
(iv) every pairset (x, y: x E Gd , y E Gj , i f j) is contained in exactly 
one block of .P. 
It follows immediately that in T[s, r], 1 X / = sr, / Bi j = s for every 
Bj E 8, and I 9 / = P. 
Clearly, if a transversal design T[s, r] exists, then there exists also a 
transversal design T[s’, r] for every s’ < s. MacNeish proved [8] the 
following lemma (see also [3, p. 190-1921). 
LEMMA 2. Zf r = Llp;i is the factorization of r into powers of distinct 
primes, then there exists a transversal design T[s, r], where s - 1 = min pyi. 
Further, the following result [5] is known: 
LEMMA 3. There exists a transversal design T[5, r] for every r > 52. 
A truncated transversal design TT[s, r, m] is a transversal design T[s, r] 
in which one of the groups has been truncated and contains only m, 
0 < m < r, points. The number of points in a truncated transversal design 
TT[s, r, m] is (s - 1)r + m and each of its blocks has s or s - 1 points. 
Trivially, we have 
LEMMA 4. Zf there exists a transversal design T[s, r], then there exist 
also truncated transversal designs TT[s, r, m] for every m, 0 < m < r. 
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LEMMA 5. If there exists a truncated transversal design TT[s, r, m], 
then (s - I)r + m E B({s, s - 1, r, m}, 1). 
We are now able to prove 
THEOREM 1. If v $ L = (2, 3, 6, 10, 14, 18, 26, 30, 34, 38, 42, 46}, then 
v EB(K, 1) holds, where K = (4, 5, 7, 8, 9, 11, 12, 15, 19, 23, 27, 31, 47). 
Proof. If u 3 227, let m = v (mod 4), 19 G m < 22. By Lemmas 3 
and 4 there exists a truncated transversal design TT[5, (a - m)/4, m], and 
by Lemma 5, u E B((4, 5, m, (v - m)/4}, 1). If v < 226, we may by 
Lemmas 2 and 4 form truncated transversal designs TT[s, r, m] as follows: 
V s r m 
222-226 8 29 v - 203 
215-221 5 49 v - 196 
208-214 8 27 v - 189 
203-207 9 23 v - 184 
199-202 5 45 v - 180 
194-198 8 25 v - 175 
191-193 5 43 v - 172 
188-190 8 23 v - 161 
183-187 5 41 v - 164 
180-182 8 23 v - 161 
179 5 43 7 
176-178 8 23 v - 161 
175 5 41 11 
172-174 8 23 v - 161 
167-171 5 37 v - 148 
163-166 5 36 v - 144 
159-l 62 5 35 v - 140 
155-157 5 35 v - 140 
151-153 5 35 v - 140 
147-150 5 32 v - 128 
143-146 5 31 v - 124 
140-142 8 19 v - 133 
135-139 5 29 v- 116 
131-134 5 28 v - 112 
127-130 5 27 v - 108 
126 8 17 7 
119-125 5 25 v - 100 
115-117 9 13 v - 104 
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V s r m 
111-114 5 23 v - 92 
107-109 5 23 v - 92 
103-105 5 23 v - 92 
99-101 5 23 v - 92 
98 8 13 7 
95-97 9 11 v - 88 
91-93 5 20 v - 80 
87-89 5 20 v - 80 
84-86 8 11 v - 77 
83 5 19 7 
81-82 8 11 v - 77 
79-80 5 17 v - 68 
77-78 8 11 v - 77 
75-76 5 17 v - 68 
72-73 5 17 v - 68 
7c71 8 9 v - 63 
68-69 5 17 v - 68 
67 8 9 4 
63-65 5 13 v - 52 
59-61 5 13 v - 52 
56-57 5 13 v - 52 
55 5 11 11 
53-54 8 7 v - 49 
51-52 5 11 V-44 
49-50 8 7 v - 49 
48 5 11 4 
43-45 5 9 v - 36 
40-41 5 9 v - 36 
39 5 8 7 
36-37 5 8 v - 32 
35 5 7 7 
32-33 5 7 v - 28 
28-29 5 7 v - 28 
24-25 5 5 v - 20 
20-21 5 5 v - 20 
16-17 5 4 v - 16 
It remains to prove v E B(K, 1) for 
~~(13, 22, 58, 62, 66, 74, 90, 94, 102, 106, 110, 118, 154, 158). 
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For v = 13, we put X = Z,, and the blocks are (0, 1,3,9> mod 13. It 
follows 13 E B(4, 1). 
For v = 22, we prove 22 E B((4, 7}, 1). Let X = I3 x 2, u ((co)}. The 
blocks are: 
K2J):j E -G>, Km>, (0, 01, (LO), (2, W mod(-, 7), 
W, 11, (0,2), (f&4), (2, ON mod(-, 7), 
((0, 32a-1), (1, 32ti), (1, 32a+3), (2, 32”+2)} mod(--, 7), a = 0, 1, 2. 
For the remaining values of v, form transversal designs T[s, r] with two 
truncated groups having m and m’ points respectively, 0 ,( m’ < m < r. 
Obviously, if such design exists, then 
(s - 2)r + m + m’ E B({s, s - 1, s - 2, r, m, m’}, 1). 
V s r m m’ 
58 9 -8 1 1 
62 9 8 5 1 
66 9 8 5 5 
74 9 9 7 4 
90 9 11 9 4 
94 9 II 9 8 
102 9 13 7 4 
106 9 13 8 7 
110 9 13 11 8 
118 9 16 5 1 
154 9 19 17 4 
158 9 19 17 8 
3. RESOLVABLE DESIGNS 
A resolvable BIBD RB[%c, h; v] is a BIBD in which the family g of blocks 
can be partitioned into parallel classes. The set of integers v for which 
BIBD RB[k, X; U] exist will be denoted by RB(L, A). Clearly, from the 
existence of RB[k, 1; v] follows the existence of RB[k, h; v] for every A; 
namely, it is sufficient to take the family of blocks of RB[k, 1; v], h times. 
The following result is due to Ray-Chaudhuri and Wilson [9]. 
LEMMA 6. For every u = 3 (mod 6), u E RB(3, 1) and, consequently, 
also u E RB(3,2) holds. 
Further we prove 
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LEMMA 7. If u E RB(3, 2), then also 424 E RB(3, 2) holds. 
Proof. Let (IU, %?) be a resovable BIBD RB[3, 2; u]. We form a 
resovable BIBD (X, 9) where X = 1, x GF(4), the primitive mark of 
GF(4) being the root of x2 = x + 1. 
By (6) we know that u = 0 or 1 (mod 3). For u = 0 (mod 3), let @‘1 C @ 
be a fixed parallel class of blocks. For every block {a, , a, , az} E &I 
form-simultanously for all such blocks-the following parallel classes of 
blocks of .%‘: 
![(ao, 01, (a,, O>, (a2, OH, Nai, x0), (ai, xl>, (ai, x2>> i = 0, 1, 21 mod(--, 4), 
a, , x~), (a, , x”+l), (a2 , x”+“)} mod(--, 4)] 01 = 0, I, 2. 
For any other parallel class of blocks @‘i C &‘, i # 1, form for every block 
{b, , b, , b,} E &‘i-simultaneously for all blocks of the class-the following 
parallel classes of blocks of 9% 
Kbo > (9, (bl 3 01, (b2 , ON, Go 9 x9, (bl > xa+l), @2, X”+“)) a = 0, 1321 
mod( -4). 
For u = 1 (mod 3), let @‘i C @ be any parallel class of blocks and ai 
be the point not covered by &‘i . For every parallel class &‘i , form the 
following parallel classes of blocks of 97: 
CG , x0>, (ai , xl), (4 , x2>), {Go , Oh V-3 , O>, (b2 , ON, 
{(b, , x”), (b, , xa+l), (b, , x”+~)} a = 0, 1, 2: {b, , b, , b,} E aJ mod(--, 4). 
A resolvable group divisible design RGD[3, 2; u, g, h] is a triple (X, 9, SJ), 
where Xis a set of points, 9 (the family of groups) is a partition of X, and g 
is a family of blocks (subsets of X), iff 
(i) 9={H,Gi:i~I,),/GiI =g,iEI,,andIHl =h; 
(ii) 1 Bi 1 = 3 for every Bi E 28’; 
(iii) every pairset {x, y} C X is contained in exactly 2 blocks of a; 
(iv) the family g of blocks can be partitioned into parallel classes 
of blocks. Let v = j X 1 = gu + h, then the number of parallel 
classes of blocks is v - 1 if u z 0 (mod 3) and v if v s 1 (mod 3); 
(v) there are exactly h - 1 or, respectively, h parallel classes of 
blocks such that each of their blocks is included in Go u H or in 
some Gi , j = 1, 2 ,..,, u - 1; further, for every i E I, , there are 
exactly g parallel classes of blocks such that each of their blocks 
is either included in Gi u H or intersects exactly 3 groups but is 
disjoint with Gi u H. 
Remark. This definition may be easily extended to resolvable group 
divisible designs RGD[k, A; u, g, h] with 1 Bi ] = k and every pairset 
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contained in h blocks. We have chosen to define the special case k- = 3, 
h = 2, in order to simplify the applications in the sequel. 
Clearly, a resolvable group divisible design is a resolvable BIBD, and, 
therefore, from the existence of a design RGD[3, 2; U, g, h] follows 
v = gu + h E RB(3, 2). 
LEMMA 8. If w E B(K*, I), and iffor every u E K* a resolvable group 
divisible design RGD[3, 2; u, g, h] exists, then also RGD[3, 2; w, g, h] 
exists. 
Proof. Let X = 1, x G u H, where 1 G ( = g and / H 1 = h. Clearly, 
it is possible to construct h - 1 or 12 parallel classes of blocks respectively 
(accordingly to v = ( X ) being 0 (mod 3) or 1 (mod 3)) such that each of 
the blocks is included in (0) x G u H or in some {j} x G, j = 1,2,..., w  - 1. 
Further, for a given i E I, , consider the blocks of B[K*, 1; w] which 
contain the point i; these blocks form a partition of Z, - (i). Accordingly, 
g parallel classes of blocks can be formed on Xin such a way that each of 
their blocks is either included in {i} x G u H or intersects 3 other groups. 
Performing this for every i E Z, , a design RGD[3, 2; w, g, h] is obtained. 
For further reference we introduce basic sets of blocks M&O; 0) for 
every u E K (see Theorem 1) with the exception of u = 4, and for 
g E (3, 12, 24). Such basic set of blocks M&O; 0) forms a part of the 
resolvabIe group divisible design RGD[3, 2; U, g, h], and, more precisely, 
it forms a parallel class of blocks on the set (2, - (01) x G of points of 
RGD[3, 2; U, g, h]. We begin with the construction of M&O, 0) for 
u E K, u # 4. Wherever occurs E, the values f I should be inserted. 
~~.&t 0) = W; (8, (2; 11, (6; W, ((3; 2), (4; 2), (7; W, 
((1; 2), (5; 2), (7; l)), {Cl; 11, (2; 01, (4; w, 
((3; 01, (5; 01, (6; IN, ((4; 01, (6; 2), (7; 2)], 
((2; 2), (3; 11, (5; l)l). 
W*& 0) = NE; I), (2e; 11, (3c; 2% Kc; 2), (4c; 2), (k l>>, 
Kc; 01, (3~; 0, (6~; 0% ((26; 01, (4~; 01, (7~; 2))). 
Mn,,(O; 0) = ME; l), (2~; 11, (3~; 2% {(E; 01, (3~; 11, (66; Ok 
He; 2), (4~; 2), (8~; 0% ((26; 2), (6~; 2), (7~; ON, 
((26; Oh (5e; I>, (7e; 1))). 
MdO, 0) = (((3; 11, (6; Oh (9; 111, ((1; 2), (6; 11, (11; 1% 
((1; 11, (‘5; 2) (11; 2)], ((26; ‘3, (4~; 11, (86; 2% 
((26; 2)s (36 01, (7c; 1)h ((5 Oh (4c; O), (56; ON, 
((26; I), (36; 2), (5c; 2))). 
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~15.3(0; 0) = {NE; O), (4c; I), (85 I)), ((26; 2), (36; 2), (96; I)}, 
((36; I>, (863 2), (1% 1% He; 2), (2~; l), (4~; 2% 
{(5~; 21, (6~; 01, (8~; Ok KG 11, (5~; O), (11~; O)), 
((26; 01, (6~; 9, (1% 0))). 
JfmdO; 0) = {{Cc Oh (2~; 11, (4~; 1% ((4~; O), (6~; 2), (7~; 2)}, 
((36; 01, &; 2), (9e; ON, ((26; 01, (7G 11, (13e; ON, 
(Cc; 11, (5~; ‘4, (12~; OH, ((5~; l), (9~; l), (166;2)), 
NC; 2), (3c; I>, (1oE; 2% K2c; 2), (56; 2), (1 lc; ox-, 
((46; 2), (8~; l), (136; 1N). 
KdO; 0) = Me; 2), (6~; 21, (126; 1)},{(2~;0), (5~;0), (136; 2)}, 
((36; 11, (4~; 01, (146; l>>, ((66; l), (13~; l), (15~; 2)}, 
((26; l), (7~; 2), (15~ l)), ((3~; 2), (9~; 2), (166; O)}, 
Kc; I), (6~; 01, (10~ ON, WE; 2), (86; 01, (11~; 2% 
((36; Oh (46; 11, (1 lc; Ok ((5e; l), (7c; l), (9c; O)}, 
{Cc; 01, (4c; 2), (5G 2)H. 
Mm@; 0) = {{(E; 01, (2~; 11, (146; l)}, ((3~; 0), (6~; l), (166; 2)}, 
= 
Z-Y= 
{(4e; 2h (9e; 11, (176; 2% HE; I>, (126; I), (216; ox-, 
((5 21, (9e; 01% (19e; w, ((Se; O), (14G 01, (2OG 2)), 
((3~; 2), (8~; 2), (15~; O)}, ((10~ O), (11~; 0), (21~; 2)}, 
((26; 01, (56; 21, (136; 211, ((26; 2), (4~; 01, (8~; I)}, 
((4c; l), (7c 11, (lie; l)>, ((9e; 2), (1Oc; l), (15e; 2)}, 
N3c 11, (5e; I), (7e; ON. 
NC 01, (2~; 01, (46; 111, ((3~; 2), (76; 0), (166; 2)}, 
((5~; 11, (11~; l), (186; O)}, ((6~; 2), (15~; I), (236; 2)}, 
((9~; (9, (126; 11, (216; l)), {(E; 2), (8~; O), (126; 0)}, 
((26; 2), (46; 2), (186; l)), ((6~; 01, (7~; l), (11~; O)}, 
((76; 2), (8~; 11, (146; 2)}, ((36; 01, (5~; 2), (13~; 2)}, 
((46; O), (1% 2), (206; 211, ((3~; I), (6~; l), (166;0)}, 
He; I), (126; 2), (1763 I>>, ((26; l), (1% Oh (22s; I>>, 
((9~; 2), (146; 01, (266; 0))). 
{{(G (0, (2e; 2), (3c; 2% ((46; l), (1% 01, (206; l)}, 
((66; O), (11~; 2), (166; 2)}, ((5~; O), (12~; 0), (19~; l)}, 
((86; 11, (176; I), (266; 2)}, ((136; 2), (2% 2), (356; l)}, 
((146; 2), (186; 2), (376; 111, ((76; 01, (15~; 2), (306; O)}, 
((136; 01, (236; O), (366; l)},{(~; 2), (9~; 2),(23c; I)}, 
((36; 01, (9~; I>, (256; ON, ((76; 11, (146; O), (28~; O)}, 
((1% 11, (206; 21, (376; 2)}, ((186; 0), (21~; 0), (396; 0)}, 
((15~ 11, (276; 01, (356; 2)}, {(26; l), (7~; 2), (22~; l)}, 
((66; 0, (346; l), (366; Oh NE; 11, (5~; 2), (336; l)}, 
((26; 01, (4~; O>, (226; 2)h ((3~; I), (66; 2), (19~; 2)}, 
((9~; 01, (15~; 01, (266; I)), ((16~; 0), (17~; 2), (296; 1)x 
((5~; 11, (8~; 2), (436; 2))). 
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The basic set of blocks M,,,,(O; 0) is obtained from the basic sets 
M&O; 0) if every block {(a,; b,), (q; bJ, (az; b,)} in the basic sets 
MU,3(O; 0) is replaced by the four blocks: 
Go; boT x”), (al; 6, , xa+l), (az; b, , x”+~)}oI = 0, 1, 2, 
KG b, > 01, (ali b, , 01, (a,: b, , OH, 
where x is a primitive mark of GF(4). 
The basic sets of blocks MU&O; 0) are obtained from the basic sets 
M&O; 0) if every block {(a,; b,), (al; b,), (az; b,)} is replaced by the eight 
blocks: 
where y is a primitive mark of GF(8). 
4. CONSTRUCTION OF RESOLVABLE BIBD’s 
We start with construction of resolvable BIBD’s RB[3, 2; v] with 
v = 1 (mod 3). We prove 
LEMMA 9. If Y = 1 (mod 3) is a power of a prime, then u E RB(3, 2). 
Proof. Let ZJ = 3u + 1 be a power of a prime, and let x be a primitive 
mark of GF(v). Form the following parallel classes of blocks: 
RX”, x u+“l, x~~+~}u = 0, I,..., u - l] mod v. 
THEOREM 2. If v = 1 (mod 3), then u E RB(3, 2) holds. 
Proof. Let v = 3u + 1. For u = 1, v = 4. Put X = Z, and the 
parallel classes of blocks are [{0, 1, 2}] mod 4. For u E K (for definitions 
of K and L, see Theorem I), we prove the existence of resolvable group 
divisible designs RGD[3, 2; U, 3, I] as follows. Let X = Z, x Z, u {(co)}. 
If u = 4, form the following parallel classes of blocks: 
HO; 01, (0; 11, (0; 2)) mo44; -)I, 
Nl; 01, (2; B>, (3; 28) mod(-; 3), Km), (0; is), (0; B + 1Nl mo44; -1, 
p = 0, 1, 2. 
For all other values of u E K, form the parallel classes 
NO; Oh (0; 11, (0; 2)) mod&; -)I, 
CN~), (0; O), (0; 2)), ~u.3(O; 011 mod&; 3). 
ON RESOLVABLE BALANCED INCOMPLETE BLOCK DESIGNS 285 
It follows from Lemma 8 and Theorem 1 that if u 6 L, then 3~ + 1 E 
RB(3,2). It remains to prove 3u + 1 E RB(3,2) for u E L. If u E (2, 6, 10, 
14,26,34,42,46}, then 3~ + 1 is a prime and by Lemma 9, 3u + 1 E 
RB(3, 2). For u = 3, v = 10. Let X = Zj x I, . The parallel classes are 
MO; O>, (1: (9, (3; OX-, ((2; 01, (2; I), (3; I)), ((4; O>, (1; 11, (4; 1>)1 mod(5; -), 
HU; 9, (2; 01, (4; l)l, 1(3: 01, (1; I), (2; W, H4; Oh (0; 11, (3; 1X4 moW; -h 
For u = 18, v = 55. Let X = Z,, . The parallel classes are 
[{E, 9~, 19~}, (26, 5~, 33~}, (36, 246, 25~}, (46, HOE, 21~}, (66, 15~, 47<}, 
(76, IIc, 23~}, (126, 176, 37~}, (136, 206, 39~}, (146, 27e, 29~}] mod 55. 
For u = 30, v = 91. Let X = Z, x Z,, . The parallel classes are 
[{(3”; O), (3”+“; O), (3m+4; 0)) a = 0, 1, 
((0; 2B), (0; 2+9+4), (0; 2@‘“)} p = 0, 1, 2, 3, 
((3’; 2y), (3”+‘; 2+*), (3=+*; 2y+8)) a! = 0, 1, y = 0, l,..., 111 mod(7; 13). 
For u = 38, v = 115. Let X = Z,,, . The parallel classes are 
[{E, 586, 93%}, (26, 626, 102~}, (36, 246, 56~}, (46, 82~, HOE}, 
{5~, 776, 89~}, (66, 456, 55~}, {7~, 166, 98~}, (86, 546, 105~}, 
(96, 206, 47~}, (ll~, 186, 37~}, (126, 716, 756}, (14c, 346, 88~}, 
(15~, 51~, 65~}, (19~ 21q 92~}, (286, 316, 76~}, (296, 306, 46~1, 
{35~,41~, 636}, (366, 496, 83~1, (436, 48~,73~}] mod 115. 
Remark. It is known [4] that if v = 1 or 4 (mod 12), then v E B(4, 1). 
TWO of my students, Judith Davidsohn and Zvi Rabin, remarked that if in 
B[4, 1; u] a fixed point is removed from all blocks containing it, then the 
truncated blocks form a parallel class of blocks. Applying the same 
procedure for every point of the design B[4, 1; v], a resolvable 
BIBD RB[3,2; V] is obtained. More gengerally, if v E B(k, 1) then 
v E RB(k - 1, k - 2). 
We proceed with construction of resolvable BIBD’s RB[3, 2; a] with 
v = 0 (mod 6). 
LEMMA 10. 18 E RB(3, 2) holds. 
Proof. Let X = Z,, u {c-o}. Form the following parallel classes of 
blocks 
[{co, 0, 111, {l, 9, 14}, (2, 5, 7}, (3, 4, IO), (6, 8, 15}, (12, 13, 16}] mod 17. 
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LEMMA 11. 30 E RB(3, 2) holds. 
ProoJ Let X = Z,, u (co). The parallel classes are 
[{co, 11, 201, PA 4, 1% (1, 2,281, (7, 14,221, 
{23p, 2 31r+1, 23p,+2) p = 1, 2, 3, 5, 6, 71 mod 29. 
LEMMA 12. There exists a resolvable group divisible design 
RGD[3, 2; U, 12, 61 for every u E K (see Theorem 1). 
Proof For every G E 9, let G = Z,, , further let H = ((co,): 
a = 0, l,..., 5}, and accordingly X = Z, x Z,, u {(co,): 01 = 0, I,..., 5}. 
As in Lemma 10, form on the set (0) x G u H the following sets which are 
in fact parallel classes of blocks: 
N%), (0; (9, (0; ll)), HO; I>, (0; 9, (0; 14K 
tm 21, (0; 51, (0; 7% w; 31, (0; 41, (0; w, 
{(0;6),(0; 81, (0; 1511, W; 12), (0; 131, (0; 16N1 mod(-; 17). 
Put in this design (q) for (0; 12), (00~) for (0; 13), (~0~) for (0; 14), 
(~0~) for (0; 15) and ( co5) for (0; 16), and denote any five of the parallel 
classes of blocks by P(0; i), i = 0, I, 2, 3, 4, and the other twelve parallel 
classes by Q(0; j), j = 0, l,..., 11. 
Further, form on each of the sets {m> x G U H, m = 1, 2 ,..., u - 1, the 
following sets of blocks: 
P(m; y) = Nm; 3p + ~1, Cm; 3/3 + Y + I>, Cm; 38 + Y + 2NP = 0,1,2,31; 
y =0,1,2, 
P(m;3) =P(m;4) = {{(m; ,@(m; P + 41, Cm; k3 + 8>> b’ = 0, 1,2,31, 
Q(w 0) = G(~,J, Cm; 01, Cm; 6N, K4, (m; 1>, (m; 3k 
{(co,>, Cm; 21, Cm; 91, {(4, Cm; 4), Cm; 7X-, 
{Cd, Cm; 5), Cm; lo>>, K4, Cm; 81, Cm; ll>>>; mod(-; 12). 
We are now able to form the parallel classes of blocks of the resolvable 
group divisible designs RGD[3, 2; U, 12, 61. For u = 4, they are 
[P(O; 0) mod(4; -)] mod(--; 5), 
IQ@; 01, ((1; 0, 01, (2; P,O>, (3; 28, ON mod(-; 3, -1, 
((1; 0, x9, (2; B, x=+% (3; 2p, x “+“)} mod(-; 3, -), 01 = 0, 1,2] mod(4; -, 4), 
j3 = 0, I, 2. 
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For u E K, u 3 5, the parallel classes are 
[P(O; 0) mod&; -)] mod(--; 5), 
[Q(O; 01, Kd; 011 modk 12). 
LEMMA 13. There exists a resolvable group divisible design 
RGD[3, 2; U, 24, 61 for every u E K, u > 4. 
Proof. For every G E 9, let G = Z,, , further let H = {(a~=): 
a = 0, I,..., 5}, and accordingly X = 2, x Z,, u H. As in Lemma 11, 
form on the set (0) x G u H the following sets which in fact are parallel 
classes of blocks: 
{N%), (0; ll>, (0; 20)], NO; O), (0; 4), (0; 15)], 
NO; 11, (0; 2), (0; 28)1, W: 7), (0; 14), (0; 22)L 
((0; 23@), (0; 23p+1), (0; 23a+2)} p = 1, 2, 3, 5, 6, 7) mod(--; 29). 
Put in this design (cq) for (0; 24), (~0~) for (0; 25), (00~) for (0; 26), 
(co4) for (0; 27) and (00~) for (0; 28), and denote any five of the parallel 
classes of blocks by P’(0; i), i = 0, 1, 2, 3, 4, and the other 24 parallel 
classes by Q’(O;j), j = 0, l,..., 23. 
Further form on each of the sets (m} x G u H, m = 1, 2 ,..., u - 1, the 
following sets of blocks: 
P’h; y) = {Km; 3P + y), Cm; 38 + y + 0, Cm; 3/3 + y + 2% = 0,1,...,7); 
y = 0, 1, 2. 
P’(m; 3) = P’(m; 4) = {{(m; p), (m; /fl + 8), (m; /3 + 16)) /3 = 0, l,..., 7). 
Q’(w 0) = {lb; 01, Cm; 51, Cm; ll)), Km; 3), Cm; 6), Cm; 15% 
{Cm; 7), Cm; 14), Cm; 18)>, Km; 8), Cm; 13), Cm; 22)], 
Na4, Cm; 17), Cm; 19% K4, Cm; 11, Cm; 21)], 
{(m2), Cm; 4), (w lo)), N~3L Cm; 9), Cm; 16)L 
Kd, h; 2% Cm; 2% l(c%J, Cm; 21, Cm; 12X-k mod(--; 24). 
We form now the parallel classes of blocks of the resolvable group 
divisible design RGD[3, 2; U, 24, 61 as follows: 
[P’(O; 0) mod(u; -)] mod(-; 5), 
IQ’@; 01, K&O; O)l mod(u; 24). 
THEOREM 3. If v = 6 (mod 12) and v > 6, then v E RB(3, 2) holds. 
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Proof. Let u = 12~ + 6. For u = 1, ZJ = 18, and u E RB(3,2) is 
proved in Lemma 10. By Lemma 12, a resolvable group divisible design 
RGD[3, 2; U, 12, 61 exists for every u E K (for definitions of K and L, 
see Theorem I), and by Lemma 8 and Theorem 1, 12~ + 6 E RB(3,2) 
whenever u 6 L. It remains to be proved that 12~ + 6 E RB(3,2) for u E L. 
For u = 2, v = 30, and v E B(3,2) is proved in Lemma 11. For u = 3, 
v = 42. Let X = Z,, u (00). The parallel classes of blocks are 
[w, 22, 231,a 8, 15], (4, 7, 241, {12,21, 311, 
{63/5 6311+1, 63,+3 > p = 0, 1, 2, 3, 5, 6, 7, 8, 10, 111 mod 41. 
For u = 6, v = 78. Let X = Z,, U {co). The parallel classes are 
[{co, 0, 49}, (7, 14, 28}, (21, 42, 56}, (35, 63, 70}, (11, 22, 44}, (33, 55, 66}, 
{~2~=, ~2~a+l, ~2~,+~]. CY = 0, I ,.,., 9, E = +l] mod 77. 
For u EL, u > 6, it is easily checked that u/2 E B(K, l), and therefore by 
Lemma 8 and Lemma 13, there exists a resovable group divisible design 
RGD[3, 2; u/2, 24, 61. 
THEOREM 4. A necessary and sujicient condition for the existence of a 
resohable BIBD RB[3, 2; v] is that v = 0 or 1 (mod 3) and v # 6. 
Proof. The necessity of the condition is obvious. Namely, a parallel 
class of blocks can exist only if v = 0 or 1 (mod 3). On the other hand, 
6 $ RB(3, 2). Suppose 6 E RB(3, 2); then there exists a parallel class of 
blocks, say, [{0, 2, 4}, (1, 3, 5}]. The total number of blocks of B[3, 2; 61 
(see (2)) is 10, and, accordingly, there are 8 blocks in addition to the 
2 blocks of the mentioned parallel class. Each such block contains a pair 
of even or odd elements. But there are only 6 such pairs and each of them 
occured already once. Consequently the construction of a resolvable 
BIBD RB[3, 2; 61 is impossible. 
We proceed to prove that the condition is sufficient. For v = 1 (mod 3), 
see Theorem 2. For v = 3 (mod 6), see Lemma 6. For v = 6 (mod 12), 
v # 6, see Theorem 3. For z, = 0 (mod 12), we may by Lemma 7 reduce 
the problem to one of the cases u = 3 (mod 6); v = 6 (mod 12), v # 6; 
and v = 24. The cases v = 3 (mod 6) and v = 6 (mod 12) have already 
been treated. For v = 24, let X = Z,, u {co}, and we form the following 
parallel classes of blocks: 
[la, 0, 81, (6, 18, 19>, (1, 13,221, (2, 5, 12>,{11, 16,20], (7, 9, 151, 
13, 4, 21}, (10, 14, 17}] mod 23. 
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